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Abstract. We define pointwise partial differential relations for holomorphic 
discs. Given a relative homotopy class, a relation, and a generic almost com- 
plex structure we provide the moduli space of discs which have an injective 
point with the structure of a smooth manifold. Applications to the local be- 
haviour are given and an adjunction inequality for singularities is derived. 
Moreover we show that for a coordinate class of a monotone Lagrangian split 
torus generically the number of non-immersed holomorphic discs is even. 



1. Introduction 

We consider holomorphic curves C in a symplectic manifold (M, u) w.r.t. a 
compatible almost complex structure J. The boundary dC is contained in a La- 
grangian submanifold L. We suppose C to be parametrized by a smooth map 
u: (S,r) — > (M,L) defined on a Riemann surface E with complex structure i and 
boundary T such that J u o Tu — Tu o i. The map u is called holomorphic, see 

Locally holomorphic curves u exists and the partial derivatives 

cU(o),...,d>(o) 

(z = x + iy, r = 0, 1, 2 . . .) can take any given value, cf. [20]. This determines the 
r-th Taylor polynomial at € C because u is a homogeneous solution of the non- 
linear Cauchy-Riemann equation u x + J(u)u y — 0. Taking r-equivalence classes of 
germs of holomorphic maps which have the same partial derivatives d x up to order 
r defines the space of holomorphic r-jets on (£, T) x (M, L). This space is a smooth 
fibration over the source space (E,T), see Section [2] We consider the product 
manifold of jet spaces with the same sources z\, . . . , z mo € E and x\, . . . , x mi G L 
of orders n, . . . , r mo , si, . . . , s mo . A submanifold R is called a holomorphic jet 
relation. 

Examples are defined by higher order tangency and intersection relations such 
as holomorphic curves 

• intersecting a holomorphic submanifold, see [6], 

• intersecting a Lagrangian submanifold (or cycles in there) , 

• with double points or singularities, see [3) 14} \T7 \ [2T1 IT8| IT6 ] . 

A holomorphic curve is called somewhere injective if there is an immersed in- 
jective point on each connected component. The aim of this second paper of the 
programme begun in [23j is to show that the moduli space of somewhere injective 
holomorphic curves which represent a given homology class and jets in R is a mani- 
fold provided the almost complex structure is chosen generically, see Section[3l 13.51 
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and 14.31 The dimension is determined by the Maslov, resp. first Chern, number 
and the dimension of R. 

In view of the work of Lazzarini [T31 [H] and McDuff-Salamon (TS] we study 
the local behaviour of holomorphic discs for generic almost complex structures. 
In 14.11 we prove that a somewhere injective holomorphic disc has a dense set of 
injective points in the interior and on the boundary, i.e. is simple and simple 
along the boundary, see [23] . In 14.21 we prove Lazzarinis theorem jT4j Theorem 
B] that generically any non-constant holomorphic disc is multiply covered in the 
remaining dimension 4. In l4.4l and l4.5l we estimate the number of double points and 
singularities (counted multiplicity) in terms of topological data. In 14.61 we give an 
example how to define Gromov-Witten type invariants counting discs with singular 
points. In 14. 71 we discuss generic existence of immersed and embedded holomorphic 
curves. 

2. Generalized holomorphic tangencies 

2.1. Definition. Let £ be a Riemann surface and (M, J) a 2n-dimcnsional almost 
complex manifold. We consider holomorphic maps u: £ — > (M, J). A local rep- 
resentation with source z G £ and target u(z) G M consists of a conformal 
chart (U,k) about z = k(0) and a chart (V,h) about u(z ) = h(0) such that w.l.o.g. 
(/i*J)(0) = i is the standard complex multiplication on C™. Usually we will sup- 
press the localization in the notation such that the Cauchy-Riemann equation 
equals 

U X + j(u)Uy = 

w.r.t. the conformal coordinates z = x + iy. 

Two germs of holomorphic maps u, v are r-equivalent (r = 0, 1, 2, . . .) at z G S 
if u{z) — v(z) and if in a local representation the partial derivatives d x at coincide 
up to order r, i.e. if 

9^(0) = d£v(0) 

for all I = 1, . . . , r. 

With the knowledge of d x u(0), . . . , d x u(0) one can reconstruct the r-th Taylor 
polynomial at by taking partial derivatives of the Cauchy-Riemann equation 

u y = J{u)u x 

as follows: 

= J(u)u xx + (DJ(u) ■ u x )u x 

Uyy = j{u)U xy +(Dj{u)-Uy)U x 

Therefore, all partial derivatives of u and v up to order r coincide at 0. By the 
chain rule this implies independence of the chosen local representation which we 
used in the definition. Therefore, the equivalence relation is well defined. The r- 
equivalence class j r z u is called the holomorphic r-jet. We denote the space of all 
r-jets by 

(S x M) r j = Jet r . 
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2.2. A representation. For a small open neighbourhood V of £ R 2 ™ the space 
of holomorphic jets from C to (V, J) can be identified with 

(C x Vfj = C x V x (M 2 ") r . 

Proposition 2.1. Let J be an almost complex structure on R 2 ™ with J(0) = i. 
There exists an open neighbourhood V of E R 2 ™ such that for all (z$,p) 6 C x V 
and a%, . . . , a r G R 2 ™ there exists a germ of holomorphic maps u: C — > (K 2 ™, J) at 
zq satisfying 

d x u(z ) = ai, . . . , d^u(z ) = a r . 

Proof. Translations in C are conformal so that it is enough to prove the proposition 
for zq — 0. For some p > 2 we consider the operator 

no = (&+*„;£(<)), a^(o),..., a^(o)). 

The domain consists of all ^ € W r+1 ' P (D, M 2n ), where D is the unit disc, such that 
£(e 2Tde ) G e ( 2r+1 ) 7rie R" for all 6 £ [0, 1), with R" identified with (M x {0})™. The 
target space is W r ' p (D, M 2 ™) x (R 2 ™) r+1 . By [15, Chapter C.4] the operator T is 
invertible. 

As on |15[ p. 627] (written with Lazzarini) we consider the map 
F(v) = (v x + J(v)v y ; v(0),d x v(0),...,d r x v(0)), 
whose linearization at zero 

DF(0) ■ £ = T(0 

is invertible. By the inverse function theorem F is a diffeomorphism near zero so 
that the equation F(v) = (0; ao, eai, . . . , e r a r ) has a solution v for e > sufficiently 
small. The desired holomorphic germ is u = v o 1/e. □ 

2.3. Differentiable structure. Consider local representations (U,k) and (V,h). 
By Proposition 12.11 and the proof the maps 

(uxvyj — > (kuxhvy hf j 

f z u i — > f k{z) (houok x ) 

define charts. Therefore, (£ x M)j is a manifold of dimension 2(l + n(r + l)). The 
projection onto E x M is an affine fibration, cf. [7]. 

2.4. The case with boundary. Consider a Riemann surface E with boundary 
r. The conformal atlas of E is enriched by boundary preserving conformal maps 
into the upper half-plane H + . We consider holomorphic maps which take on T 
values in a maximally totally real submanifold L of (M, J). By jT51 p. 539] there 
exists charts h of M about points of L which take values in R" along L and satisfy 
h* J — i on R™. By a local representation such a choice of charts is understood. 

Two germs u, v : (E, T) — > (M, L) of holomorphic maps at x £ T define the same 
holomorphic s-jet (s = 0, 1, 2, . . .) provided that uir, Wir ar e s-equivalent in the 
sense of smooth functions. In other words, the s-tangency class j r x u is characterized 
as in 12.11 w.r.t. local representations preserving the boundary condition. The space 
of all holomorphic s-jets on the boundary is denoted by 

(T xL) s j = Jet s . 

Proposition 2.2. Any s-jet of a smooth function T —¥ L has a holomorphic rep- 
resentative. Moreover, (T x L)j is a manifold of dimension 1 + n(s + 1), and an 
affine fibration over T x L induces by the source-target map. 
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2.5. Holomorphic half-disc representation. We will show that s-jets of smooth 
maps r — > L can be represented by the restriction of germs of J-holomorphic maps 
(£, r) — > (M, L) such that the representation depends smoothly on the data. This 
will prove Proposition ^. 21 see [7]. 

We consider an almost complex structure J on R 2 ™ such that J = i on R™. 
We claim that there exists an open neighbourhood V of G R™ such that for all 
(xq,p) G R x V and a\,...,a r G R n there exists a germ of J-holomorphic maps 
u: (H+M) -> (R 2 ",R™) at x satisfying 

d x u(x ) =ai,..., d^,u(x ) = a r . 

It is enough to to show this for x = 0. 

Step 1: On the unit disc D C C we consider the operator u^iij-i- m y defined 
on the space V of all C™-valued functions of Sobolev-class W s+1 ' p , p > 2, subject 
to the boundary condition u(e 2m6 ) G e sme R™, 9 G [0, 1). The operator takes values 
in W s ' p . By [J5J Chapter C.4] this operator is onto whose n(s + l)-dimensional 
kernel is generated by 

b G R n , I = 0, 1, . . . , s. Notice, that 

Ji _1 W,6 = and d e y pi tb (l) = b. 

Set 

Vfc = {u G V | D a u(l) = V|a| < k - 1} 

and 

Wfc = {/ G W S *{D, C n ) | D^/(l) = V|/3| < fc - 2} 

for A; = 0, 1, . . . , s. Due to the pointwise constraints and the boundary condition 
the operator 

S k : V k — > x R n 

it i — > (u x + iu y ,dyu(l)) 

is well defined, onto, and its n(s — fc)-dimensional kernel is generated by pi^ for 
1 = k + l,...,s and b e R™. 

Step 2: Let f2 be a domain in H + obtained by smoothing the corners of the 
unit half-disc such that d£l n R is an interval / which contains 0. Let cp be a 
conformal diffeomorphism (ft, 0) — > (D, 1) up to the boundary. Let Vh be the space 
of all C™-valued functions of Sobolev-class W s+1 ' p on f2 subject to the boundary 
condition 

u(z) ee s ^ m ' sv{z) W\ 

z G dfl, where the argument is normalized by arg(e 27rl0 ) = 2tv9. Abbreviate 
W s - p {n,C n ) by W n . Define 

Vn, k - {u G V a | D a u(0) = V|a| < k - 1} 

and 

Wh,A = {/ G Wn | ^/(O) = V|/?| < fc - 2} 

and 

^o,fe : Vn.k — »■ Wn, fc x R" 

u i — > (uj + m y , 9^tt(0)J. 
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The invertible maps u h-> uo ip and 

(f,h)^((i P 1 x +i V > 1 y )fo lp ,c k h) 

(using (p = ip 1 + ip 2 and d x ip(0) — ci for a positive constant c) conjugate Sh.fc to 
Therefore, Sn.fc is onto and has n(s — /c)-dimensional kernel. 
Step 3: Let L(z), z £ d£l, be a loop of totally real subspaces of C" with Maslov 
index s such that L(x) = R" for a; 6 J. By Arnol'ds theorem there exists a smooth 
function A: C -> Gl(n, C) such that A(0) = 1 and 

A(z)L(z) ^ e s ^ r6viz) R n 
for all z £ dfl, ci. [15] p. 554]. Consider the operator 

Q: Vn^WnX (R") s+1 

mapping 

(u x +iu y ; u(0),A x {a)u(0)+u x (0),...,d»(Au)(0)). 

In order to show surjectivity of Q let / <E Wq and bo, b±, . . . , b s £ M. n be arbitrarily 
given. Because 5n,o is on to we find v° £ Vq such that +Wy = f and v°(0) = b a . 
Assume that v e £ Vq is constructed recursively such that v x + iic = / and 

v e (0) = b Ol ...,di(Av')(0) = b e . 
By an application of Sq^+i we find a holomorphic q £ Vh.£+i such that 

di +1 q(0) = b t+1 -di +1 (Av e )(Q). 
Set v l+1 — v l + q and observe that v x +1 + Wy +1 = f and 

^ +1 (0) = & ,...,^ + W +1 )(0) = 
Therefore, u — v s is a solution of Q(u) — (/; bo, ... , b s ), i.e. Q is onto. 

Step 4: We show that Q has trivial kernel. Consider u £ kcrQ. If u is not 
constant so at least one of the coordinate functions u J € C. By [51 Lemma 9.5] 
the sum of the orders of the zeros of v? on the boundary plus twice the orders of 
zeros of at the interior equals the Maslov index s. But u J vanishes at least to 
the (s + l)-st order at zero. This implies u — 0. Therefore, Q is invertible. 

Step 5: Let Vl be the space of all C n -valued functions of Sobolev-class W s+1,p 
on £1 such that u(z) £ L(z) for all z £ dil. Consider the operator 

T: V L ->W n x (R'T +1 

mapping 

u i — > (u x + iu y ; u(0),d x u(0), . . .,d x u(0)). 

The operator 

Q = (A^ 1 xl)oToi 

equals 

Q(u) = Q(u) + (A- 1 (A x +iA y )u; 0...,0). 

The second term is a compact perturbation. Because Q is invertible the operator Q 
is Fredholm of index zero. Hence, T is a Fredholm operator of index zero. Because 
the Maslov index of L is s an application of [8j Lemma 9.5] as in Step 4 shows 
triviality of kerT. Hence, the operator T is invertible. 

Step 6: Taking the derivative of the map F at v — as in Proposition ^. ll proves 
the claim. Q.E.D. 
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3. The universal jet space 

We consider a 2n-dimensional symplectic manifold (M, w), a Lagrangian sub- 
manifold L, and a compatible almost complex structure Jq with the induced metric 

U)(.,J .). 

3.1. Almost complex structures. The space J of all compatible almost com- 
plex structures J is a Frechet manifold. The model is the space of symmetric 
endomorphism fields Y on M which anti-commute with Jo. The homeomorphism 

Y ^ J a (l + Y)(t-Y)-\ 

|| V ||c° < 1) serves as a global chart for J . The inverse is 

H: (J + Jar'iJ- Jo), 

cf. [U Proposition 1.1.6]. 

For global considerations additionally wc require the almost complex structures 
to coincide with Jo in the complement of a relative compact subset of M, the 
so-called perturbation domain. 

For a sequence (ej) of positive real numbers we consider infinitesimal almost 
complex structures which are finite in the Floer-norm 

oo 

5>ii y ii<*- 

3=0 

We choose (ej) such that the resulting open subset is separable and dense in C°°, 
cf. [19]. The image under is the separable Banach manifold I of compatible 
almost complex structures with the induced Floer-topology. 

3.2. Definition. We consider points Zi, . . . , z mo on £ and x\, . . . , x mi on the bound- 
ary r. A source is a tuple 

(z, x) (zi , . . . , z mo , Xl) . . . , x mi ) 

of pairwise distinct points. The space of all sources is denoted by 

s c s mo x r mi ee (s x r) m , 

where we wrote m = (mo,mi) for the number of source points. The length by 
definition is ||m|| = 2too + mi. 

A germ of maps u: (£, T) — > {M, L) at {z, x} is a germ of product maps 

u m = (u 1 ,...,u mo ,v 1 ,...,v mi ); (S,r) m — > (M, L) m 

at (z,x) G S, where we think of the to be extended to a neighbourhood of the 
sources. Similarly, a germ of almost complex structures J G J at 

M ( z , x ) = • • • >" mi (v)) 

is understood. We say that (u, J) is a holomorphic multi-germ of maps u m 
at (z,x) if J G is a germ at u(z, x) and it is a germ of J-holomorphic maps 
at (z,x). Notice, that about equal targets of u for different sources the almost 
complex structure may differ. 

On the set of holomorphic multi-germs (u, J) we define a (r, s)-tangency rela- 
tion: Consider a vector of non-negative integers 

t (r, s) (?T , . . . , fmo j s l j ■ • ■ j s mi )■ 
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The length is 

||t[| = 2(n,...,r mo ) + (si, . . . ,s mi ). 

Two holomorphic multi-germs (iti, Ji) and (1(2, J2) are said to be t-equivalent at 
(z,x) if ui(z,x) = 1*2(2, x) = p, the (t — l)-jets of Ji and J2 at p coincide, and 
i(z x) Ul = i(z x) u 2, where we used the notation 

i(«,x) u = C?>> ix w ) = (ili 1 ">•••) j'i u, • ■ • , is™ ' u) 



of holomorphic jets. As in I2.fl one verifies that this is a correct definition. The 
equivalence class of a holomorphic multi-germ (u, J) is denoted by j* z x \(u, J); the 
space of all t-tangency classes holomorphic for some J E J by 

Jet*. 

We denote by i?^ -1 ) the space of jets of smooth sections into the bundle E over 
M whose fibres consists of w-compatible complex structures on the corresponding 
tangent spaces of M, 

Proposition 3.1. The natural map 

4 x) (^J)^((z,x),i^ x) j) 

is a locally trivial fibration 

Jet* — >S x fiC*- 1 ) 
with affine fibre of dimension 7i|[t||. 

Proof. With help of a Hermitian trivialization the fibre of E — > M is diffeomorphic 
to the unite ball W in the n(n + l)-dimensional vector space of symmetric (2n x 2n)- 
matrices which anti-commute with i. Hence, E r ~ x is modeled on V x W x ffi. dr - 1 
(resp. V x W x R^- 1 ) with 

(2n + r-l)! 
d - 1= (2n)!(r-l)! n(n + 1) ' 

where V C M 2 ™ (resp. V' C R") is an open subset. As in Section [2] the space of 
holomorphic r-jets (for fixed J) can be described locally by U x V x R 2r ™ (resp. 
U' x V' x R™) for open subsets [/cS (resp. [/' C T). 
We claim that the local model for Jet* is 

{U,U') m x (F,F') m x (R 2n , R")* x (Wx R^i- 1 ) x ... x (Wx R^-i" 1 ). 

Considering each m-coordinate separately we represent jets of J E J by local w- 
compatible almost complex structures. Represent a holomorphic jet by a germ of 
holomorphic maps w.r.t. the constructed local J's as in Section [5J Notice that 
a smooth variation of jets of J E J is followed by a smooth variation of local 
J's. A smooth variation of a = (ao, di, ■ ■ ■ , a r ) induces a smooth variation of local 
holomorphic maps: 

In view of Propositions 12.11 and 12.21 we define 

J-(b, v, J) = (v x + J(v)v v ; v(0) - b , d x v(0) - 61, ... , SJ«(0) - &r) • 

The partial derivative 

^(b,0,J).€ = T(O 
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is invertiblc. By the implicit function theorem there exists a local smooth map 
v = v(h, J) such that 

T(b, v(h, J), J) = 0. 

The local map 

it(ao, ax, . . . , a r , JJ (z) — v(aoj £ a i: • ■ • 7 £ r a r , J) (z/s) 

is J-holomorphic with j^u — a, which varies smoothly with the data (including the 
variation given by translations of the source Zq (resp. xq)). 

The argument requires J(0) = i (resp. J = i on R ra ) for J G J{V) and open 
subsets V C R 2 " = M. In order to achieve this we take a symplectic Dar- 
boux chart (resp. Weinstein chart which is a symplectic embedding (T*R",R™) — > 
(T*L, Ot*l) induced by a chart R n — > L followed by a local symplectic embedding 
(T*L,Ot*l) -t (M,L) induced by a Weinstein neighbourhood.) Set 

'■Pj (x, y) = x J d x j +y J J (x, y)d x] . 

Because J is compatible with dx A dy and the d x j 's span the Lagrangian R" about 
(resp. on R") d x j,J{x.,y)d x j , j = 1, . . . ,n, is a base. The differential is (i, J)- 
complex and invertible at (resp. on R"). Transforming the position and the almost 
complex structures via 

(x,y, J) h-> (y>j(x,y),(vJj)*j) 

allows the use of the map T . This shows smoothness of the transition function 
which are affine, see [7]. □ 

Remark 3.2. The proof allows a description of a tangent vector of Jet* at a point 
j} zx \(u, J). Let Y be a local infinitesimal almost complex structure in TjJ and 
£ a variation of local holomorphic maps. I.e. £ is a local vector field along u such 
that (v, w) G T( ZiX )<S, £ m = £m + -D«m • (v, w), and Y = Y + DJ{u) ■ £ solve 

fx + J(u)£ y + Y{u)u y = 0. 

Hence, a tangent vector can be represented by j} vyf \{^,Y) (sic) understood anal- 
ogously to the case of (u, J)'s. 

3.3. Universal relations. Denote by ((£, T) x (M, £)) the smooth t-jet space 
of maps (S,r) — > (M,L). The jet with sources in Y are computed via relative 
charts. Because the r-th Taylor polynomial of a J-holomorphic map is completely 
determined by the holomorphic r-jet and the (r — l)-jet of J there is a well defined 
map 

jkxjM— >• (i( Z ,x)^i^ x) J )' 

Because of Proposition 13.11 (local description) and Remark 13.21 this map is an em- 
bedding 

Jet* — ► ((E,r) x (M,L)) (t) x E^-V, 
whose projection to the second factor is a surjective submersion. 

A submanifold 1Z of Jet* is called a higher order intersection relation if the 
image under the natural map is a product manifold with second factor iA* -1 ), i.e. 
1Z is J- independent. 1Z is called source-free if the relation puts no restriction to 
the marked points, i.e. in a local fibre chart (as in the prove of Proposition 13. ip 1Z 
is a product manifold with first factor (U, U') m which corresponds to the source 
space S. 
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Proposition 3.3. The intersection R of 1Z with any fibre over is a sub- 

manifold and the codimension of 1Z is 

||m|| + ra(||m|| + ||t||) - dimi?. 

The intersection R of a source-free relation 1Z with any fibre over S x is a 

submanifold and the codimension of 1Z is 

n(\\m\\ + ||t||) - dimi?. 

3.4. Universal moduli space. Let S be a Riemami surface which is closed or 
compact with boundary L. Let 1Z be a intersection relation of order t and let A be 
a relative singular integer 2-homology class in (M,L). The universal moduli space 
U by definition is the set of all tuples (u, J, z, x), where (z, x) £ S, J £ I (see !3.1|) . 
and u is a J-holomorphic map (£, L) — » (M, L) representing A such that 

• it is simple (the open set of injective points is dense) and simple along the 
boundary (the open set of injective points of uw is dense in L), see |23[ 
Corollary 8.5], 

• it(S) is contained in the perturbation domain, see 13. II 

Proposition 3.4. The universal moduli space U is a separable Banach manifold. 

Proof. The universal moduli space for the empty relation U% (i.e. m = (0,0)) is a 
separable Banach manifold, see j!5[ Chapter 3]. In the presence of a relation 1Z we 
consider the jet extension map 

(u, J,z,x) i — >jf z rf{u,J). 

The preimage of 1Z under 

j* : UqxS — ► Jet* 

is U. We consider a tangent vector of Jet* at j* z » (w, J) which is transverse to 
1Z. By J-independence of 7?. we are free to assume that the tangent vector is taken 
w.r.t. the trivial infinitesimal almost complex structure, see Remark 13.21 I.e. for 
(v, w) £ T( Z X )(S and a local holomorphic section £ of (u*TM, u*TL) near {z, x} the 
tangent vector is given by J* vw )(£, 0). The holomorphic curve u has the annulus 
property (see |23[ Theorem 1.1]) and the half-annulus property, see [23[ Theorem 
1.3 and Corollary 9.5]. Therefore, as on [15j p. 63] £ extends to a smooth global 
section £ such that (£, Y) is tangent to 1A% for an infinitesimal almost complex 
structure Y € X, see [El Exercise 3.4.5]. Because the universal t-jet space has 
finite dimension the t-jet extension map is transverse to 1Z. The claim follows with 
[121 Section 112]. □ 

Remark 3.5. If L = 0, Proposition 13 .41 follows from [51 Lemmata 6.5, 6.6] and [TBI 
Chapter 3]. Moreover, it is enough to require the holomorphic curves to intersect 
the perturbation domain non-trivially. If L ^ and ||t|| = 0, Proposition ^. 4l follows 
with [HI Chapter 3]. In that case the assumptions can be relaxed: Each connected 
component of S has an injective point of u which is mapped to the perturbation 
domain. 
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3.5. Generic perturbation. By the argument in l3.4l £/ is a submanifold in U® x S 
with co-dimension given by Proposition 13.31 Moreover, the projection IA% —> X is a 
smooth Fredholm map of index fi(A) + n%(S), where /x denotes the Maslov index 
and x the Euler characteristic, see Chapter 3 and Appendix C]. Therefore, the 
induced map U C U% x 5 — >• I is Fredholm of index //(A) + nx(S) + ||m| — codim7?.. 
By Sard-Smales theorem the set of regular values is of second Baire category in X 
so that by the implicit function theorem the preimage Uj of a regular value J £ X 
is a manifold of dimension given by the index, cf. |T51 Appendix A] . We call Uj the 
TvL-moduli space and write U® j in the case of the empty relation. Notice, that 
J is a regular value if J is regular in the sense of [15] Definition 3.1.4], i.e. the on 
u € U$^j linearized Cauchy-Riemann operator is transverse to the zero-section for 
all u £ Uqj, and the jet extension map j* : U% j x5-> Jet* is transverse to R. We 
call J 7?.-regular or generic. 

Theorem. The set of all IZ-regular almost complex structures is of second Baire 
category in X (and therefore dense in J). For all IZ-regular J £ X the IZ-moduli 
space is a manifold of dimension 

/*(A)+n(x(E)-||m||-||t||)+dimiJ. 

If 7Z is source-free the dimension is 

//(A)+n(x(S) - ||t||) + (1 -n)||m]| +dim#. 

After an additional perturbation of J £ X smoothness of 7?.-moduli spaces holds 
for holomorphic maps which have an injective point on each connected component 
of £, see Corollary [3] below. 

4. Enumerative relations 
We assume the dimension of M to be greater or equal than 4. 

4.1. A priori perturbation and local behaviour. We consider holomorphic 
curves u such that on each connected component there exists an injective point 
which is mapped by u into the perturbation domain. By Remark 13.51 the following 
moduli problem can be assumed to be transverse for a generic choice of J £ X: 

• M = A, 

• u has no interior, n\ boundary, and I mixed double points, i.e. u is subject 
to the intersection relation 

(A M )"° x ({{p, q )£MxL\p = q}) 1 x (A L ) ni 

of order ||t|| = and length ||m|| = (2n + £, 2n Y + t). 

Taking the dimension formula into account this leads as in 0[T4] to the adjunction 
inequality 

(n - 2)||(>o, + (2n - 3)£ < + n X (T). 
Therefore, u has finitely many double points if n > 3. In particular, u is simple 
and simple along the boundary. For n — 2 there are finitely many mixed double 
points. With [13j[l4] u is simple, cf. Remark 14. II for an alternative argument. 

Corollary 1. There exists a subset X^ of second Baire category in X such that 
for all J £ loo any somewhere injective J -holomorphic curve is simple and simple 
along the boundary. 
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Proof. loo is the intersection of sets of second category, where the intersection is 
taken over all relative integral homology 2-classes A in (M, L) (which is known to 
be countable) and all intersection relations as above counted by no, n\, and I. This 
proves the corollary in dimension 2n > 6. 

For 2n = 4 it suffices to establish simplicity along the boundary. We consider 
the following moduli problem: Let N be a natural number. Let Vn be a partition 
of r into N segments (i.e. connected open subsets) of equal length. We equip each 
segment S G Vn with pairwise distinct points j/i,...,|/jv £ S. The holomorphic 
curves u are assumed to be somewhere injective in the sense of Remark 13.51 We 
require 

• M = A, 

• there are pairwise distinct points x\,.. . ,xn G T each different form the 
yj's such that u(xj) = u(yj) for all j = 1, ... , N. 

Let loo be the intersection of all regular values in 1 taken over all A and TV corre- 
sponding to the moduli problems. I.e. the moduli spaces {(it, x\,... , xn)} are cut 
out transversely for J G loo and are of dimension n(A) + 2y(£) — N. 

Arguing by contradiction we suppose that u is a somewhere injective holomorphic 
curve which is not simple along the boundary. By [23, Proposition 9.3] there exists 
a diffeomorphism tp: Si — > Sq between two disjoint segments of T such that u(x) = 
uUp{xy\ for all x G S\. Let N > /J,([u]) + 2%(£) be a natural number such that the 
length of a segment in Vn is smaller than 1/2 times the length of S^. Let S G Vn 
be a segment which is contained in S2. In particular, with Xj :— ip (yj) we obtain 
u(xj) = u{yj) for all j = 1, . . . , N. Therefore, [u,x\, . . . , xat) is an element of one 
of the above moduli spaces which has a negative dimension. This contradiction 
proves the claim. □ 

Remark 4.1. A similar argument shows simplicity of u. Replace Vn by a covering 
by open balls of radius 1/N each equipped with N distinct points. Simplicity fails 
if there is a diffeomorphism ip: U± U2 between two open disjoint subsets of 
E such that u(z) — uyp(zy\ for all z G U\, see [23l Proposition 2.7]. Choose 
N > |(/x([u]) + 2x(S)) such that there is a ball in Vn which is a subset of U 2 - 

For reasons of beauty we give one more argument. Because there are finitely 
many mixed double points the weak and the strong variant of simplicity along the 
boundary considered in [23] are the same. By [231 Proposition 6.4] the argument 
in the above proof, which shows simplicity along the boundary, suffices to show 
simplicity. 

4.2. Generic multiply covered discs. A non-constant holomorphic disc u (i.e. 
S = D) is called multiply covered if there exists a simple holomorphic disc v 
and a holomorphic map tt: (D,dD) — > (D,dD) continuous up to the boundary 
with %~ l {dD) = dD such that u = v o 7T. In |14[ Theorem B] Lazzarini proved 
the remarkable fact that generically all non-constant holomorphic discs attached 
to L arc multiply covered provided dim M > 6. We drop the restriction to the 
dimension. 

Corollary 2. For generic J G I each non-constant holomorphic discs which is 
contained in the perturbation domain is multiply covered. 

Proof. Lazzarinis proof of |14[ Theorem B] is based on his decomposition theorem 
[141 Theorem A]. Each non-constant holomorphic disc u can be cut along an em- 
bedded graph in D into finitely many simple holomorphic discs whose union has 
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the same image as u and whose homology classes weighted with positive multiples 
add up to [u]. On [14, p. 254/5] he shows that the graph equals dD using ([14j 
Proposition 5.15], which can replaced by) the following two results: 

• Let v be a simple holomorphic disc. Then there exists no diffeomorphism 
ip: Si — > S 2 between two disjoint open segments on dD such that v = voip. 

• Let t>i,t>2 be simple holomorphic discs with vi(D) <£_ v 2 (D) and v 2 (D) (£_ 
v\(D). Then there exists no diffeomorphism ip: Si — > S% between two 
disjoint open segments on dD such that vi = v 2 ° <p. 

Notice that vi,v 2 define a somewhere injective holomorphic map on D U D in the 
sense that each connected component has an injective point. An application of the 
argument from Corollary [T] proves both items. This establishes Lazzarinis theorem 
fordimM = 4. □ 

4.3. Addendum to the Theorem. Using Corollary Q] the Theorem can be ex- 
tended in the case the relation puts conditions on the holomorphic jets of order > 1 
along the boundary. 

Corollary 3. For any IZ-regular J € loo the conclusion of the Theorem holds 
for J -holomorphic curves which are contained in the perturbation domain and are 
somewhere injective. 

4.4. Adjunction inequality. The group of conformal automorphisms G of (£, T) 
acts on the 7?.-moduli space for any source-free relation 1Z by 

9 ■ («,z,x) = (uo g- 1 ,g(z),g(x)) 

such that the quotient 

M R = Uj/G 

is a smooth manifold of dimension 

fi(A) + n(x(S) - ||t||) + (1 - n)||m|| + dirni? - d, 

where d is the dimension of G. 

A consequence of the discussion in 14. II we obtain: 

Corollary 4. For a generic choice of J G I and all J -holomorphic curves u which 
have an injective point on each connected component of S which are mapped into 
the perturbation domain by u we have: 

(n - 2)||(n , m)|| + (2n - 3)1 < n([u]) + n X (E) - d. 

Here no (resp. n±, I) is the number of interior (resp. boundary, mixed) double 
points. 

In particular, if the Maslov index vanishes and n > 3 generically somewhere 
injective holomorphic disc maps are injective. 

4.5. Singularities. A non-constant holomorphic map u has a singularity of or- 
der k at z if j\u — and D k+1 u(z) ^ 0. By Carlemans similarity principle (cf. 
[TT1 Chapter A. 6] and [1] Theorem A. 2]) k is the greatest natural number such that 
all partial derivatives of u at z vanish up to order k. 

For a generic choice of compatible almost complex structure the moduli space 
of unparametrized somewhere injective (in the sense of Remark I3.5[) holomorphic 
curves with vanishing derivatives at m points up to order k has dimension 

/ /(A)+n( X (S)-||k||) + ||m]|-d 
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As in Corollary H we obtain, cf. [2J Corollary 3.17] and [T7 l fT6 ] : 

Corollary 5. For generic J 6l and all somewhere injective J -holomorphic curves 
u which are contained in the perturbation domain we have: 

n||k||-|[m||</i(M)+nx(S)-d. 
Here k is the order of singularities of u at m points. 

For example, generically, all somewhere injective holomorphic discs with Maslov 
index less or equal than 1 are immersed. 

Remark 4.2. The map (u, z, x) h->- it which is defined on the moduli space of curves 
as in Corollary [5] is an immersion. This is because the kernel of the linearization 
(£, v, w) t-» £ is given by all (v, w) G TS satisfying jY «Tu(v, w) = 0. 

4.6. Example. Consider a rational split Lagrangian submanifold L = S 1 x V in 
R 2 x R 2 ™ -2 with area spectrum 7rZ. For generic compatible almost complex struc- 
tures which equal i outside a large ball we consider holomorphic discs representing 
the class [D x {*}], which are simple, see [T2J Q3]. By Corollary [5] there is at most 
one singularity on each disc, which is simple and on the boundary. Hence the 
zero-dimensional moduli space of discs with a simple boundary singularity -Md_ s ing 
embeds via [u,z,x] M> [u] into the moduli space of all discs M. By Gromov com- 
pactness M. is compact, see [9j[T0]. Therefore, there are finitely many discs with 
singularities. The number is even as an argument using a cobordism with bound- 
ary .Mg- S ing which corresponds to a generic path of almost complex structures with 
starting point i shows, cf. [EJ p. 43 and Remark 3.2.8]. 

4.7. Embeddings. We consider somewhere injective holomorphic curves contained 
in the perturbation domain which represent a homology class A. Generically, the 
corresponding moduli space Ai is a manifolds of dimension fJ-(A) + — d. We 
can assume that the moduli spaces of curves which additionally have a singularity 
at the interior or on the boundary are manifolds of dimension 

• dim A^sing = dimA'f + 2(1 - n) 

• dim Mdsing = dim M + 1 — n 

these with interior, mixed, and boundary double points are manifolds of dimension 

• dim A4int er = dimX + 2(2 - n) 

• dim.A/( m ix = dim M + 3 — In 

• dim A4a_i n ter = dim M + 2 — n 

and that the moduli space of curves intersection L at an interior point is a manifold 
of dimension 

• dim Ml = dim M + 2 — n. 

Each of the above moduli spaces admits a smooth map into M. induced by forgetting 
the marked points. The complement of the images is the subset of perfectly 
embedded curves. By Sards theorem the union of the critical values has measure 
zero. Because the closure of the images of the moduli spaces subject to a pure 
intersection relation is contained in the union with the images of Arising and A^a-sing 
we obtain: 

Corollary 6. Generically, the set of all perfectly embedded holomorphic curves in 
M is open and dense provided dim M > 6. 
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An immersed holomorphic curve is called clean if there is no mixed double point 
and all double points and all interior intersections with L are simple and transverse. 
With similar arguments we get: 

Corollary 7. If dim M = 4 the set of all clean immersions in A4 generically is 
open and dense. 
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